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Curvature and refraction in 
leveling

• Curvature and refraction formulas for 
vertical offset (tangent offsets).

F = vertical offset in feet     
m = vertical offset in meters
M = miles shot
kF = thousands of feet shot (for 3000 feet enter 3)
K = distance shot in kilometers
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The shape of the Ear th,
Discover ies

• Aristotle hypothesized spherical shape 
based on lunar ecclipse & gravity, 4th

Century BC.
• Eratosthenes calculated accurate radius in 

Egypt (ca. 200 BC).
• Sun reaches zenith at Tropic of Cancer but 

not at Alexandria.
• But Ptolemy & ultimately Columbus got 

the measurement units too small and failed 
to recognize the New World in 1492.

Ellipsoidal Shape
• Newton proposed 

ellipsoidal shape based on 
his understanding of 
forces.

• French geographers
proved it based on
physical length of a
degree of latitude.

• Geoid detected also (in S. 
America)

• Angle Measurements
were based on astronomy.

Force

Vectors

Plumb

Lines
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Equation of Ellipse
• From Analytical Geometry (rectangular 

form)

• a is the semi-major (equatorial) axis length
• b is the semi-minor (polar) axis length
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The Earth’s radius
• Approximately, R=20,906,000 feet or 

6,372,000 meters.  Earth is a sphere!
• a = 6,378,000 m  b = 6,356,000 m.  Earth is 

an ellipsoid!  (Also approximate)
• Flattening is the ratio of the difference to 

the major axis, or about one part in 300.
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The Planet Jupiter
• a = 71,492,000 m 
• b = 66,854,000m. 

• Flattening = 1 par t in 15.
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Geographic Coordinates
• Latitude = f Measured in degrees from 

equator, with respect to plumb line.

• Longitude = l Measured east in degrees 
from the Greenwich Meridian.

• Elevation (Ellipsoid or orthometric height) 
• Rule of thumb  1”  of latitude 

= 100’  on the ground. 
(Consider precision!) 47°25’39.8541”

• Multiply by cos(f ) for longitude

Earth-Centered, Earth-Fixed 
Coordinates (ECEF)

• Rectangular equivalent of Geographic 
Coordinates (3rd dimension is elevation)

• Origin is Earth’s center of mass
• X axis hits equator at Greenwich Meridian 

& Date Line.
• Y axis hits equator at 90° Meridians
• Z axis is the axis or rotation.
• Do not confuse with local coordinates!
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The Geodetic Forward & Inverse
(Terrestrial geodesy)

• Calculated when Geographic Coordinates 
are known using great circle route.

• Derives from Spherical Trigonometry 
(modified for ellipsoid, the geodesic).

• Azimuth of the geodesic line changes along 
its length (consider convergence).

• Rhumb line = alternate line definition.
• Utility programs available (NGS, etc.)
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Local curvature of the Earth
(Terrestrial geodesy)

• m is the radius along the meridian
• n is the radius perpendicular (prime 

vertical)
• These can be calculated from f and l as can 

radius on any azimuth.
• Local average is taken as geometric mean.

mn

Ellipsoid Models
To have a geodetic “datum” you must have an 

ellipsoid AND field control.

CLARKE 1866: 
a = 6378206.400m b = 6356583.800m 
f= 1/294.978698   (Basis of NAD27)

GRS80 (or WGS84):
a 6378137.000 m  b = 6356752.314m
f= 1/298.25722 (Basis of NAD83 & GPS)
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Hor izontal datums
• NAD27  Horizontal datum based on Clarke

1866 and control stations MEADES 
RANCH, bs azimuth to WALDO in 
Kansas (Astronomic).  Geoid = Ellipsoid.

• NAD83 Horizontal datum based on GRS80 and 
VLBI points around the world.  Origin = Earth’s 
center of mass, determined from satellites. 

• NAD83 was realized through readjustment of 
existing survey observations across North 
America.

Meades 
Ranch,

(NAD 27 
origin)

Photo courtesy of 

Perri Lynch
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Historic Control Survey 
Methods:

Triangulation
• Very carefully measured baselines
• Many angles and many triangles
• Computation by law of sines
• Redundant; least squares recommended

Historic Control Survey 
Methods:

Trilateration
• All distances measured (by EDM)
• No angles measured
• Computation by law of cosines
• Redundant; least squares recommended
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Historic Survey Methods: Braced 
Triangulation and Precise Traverse

• Angles and Distances measured according 
to project specifications

• Redundant; least squares required
• Checks by astronomic observations
• Positions converted to geodetic coordinates

KCAS (King County Aerial Survey)
• EXAMPLE OF NAD 27 PROJECT
• 1930s WPA project
• Traverses and Section breakdowns run, 

based on NAD27.
• Data with King County Road Dept., 

commonly referenced section breakdowns.
• Some KCAS traverse and triangulation 

points still exist.
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NADCON  Software
• NGS Download
• Transforms horizontal coordinates from NAD 27 

positions to NAD 83.
• Approx. shifts 100 ft. south & 300 ft. west (in 

western US)
• Calculated by interpolation of control points with 

positions known in both systems.
• 15-cm accuracy--often suitable for conversion of 

GIS data.
http://www.ngs.noaa.gov/PUBS_LIB/NGS50.pdf

• Runs on NADCON engine.
• Downloadable Software.
• Excel version available
• Includes additional transformations and 

conversions
• Geoid separations

Corpscon
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NAD83/91and the HARN
• High Accuracy Reference Network = GPS 

control network whose accuracy supersedes 
NAD83 by factor of 10.

• Observed during late 1980’s and early 1990’s 
(data are now aging)

• 100’s of points in most states.
• Control points are the basis for most modern 

municipal control densification projects.
• Update NAD 83/98.

NAD83(NSRS 2007)

National readjustment NAD83(NSRS2007). 
Datum definitions remain NAD83; 
NSRS = National Spatial Reference System (as 

opposed to a state or regional readjustment) 
2007 = date of publication. 
“Static”  datum—applies to published ground 

control.
Similar to HARN datum NAD 83 (91).
Unified adjustment using Helmert Blocking
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Recommended Future North 
American Datum (NGS)

• NAD/ITRF 2018 (Name TBA)
• Tied to ITRF and Gravimetric Geoid model
• XYZ-based (Ellipsoid heights ancillary)
• Published with velocity vectors
• Transformable to North American Plate for 

positions minimally changed from NAD83.

See American Surveyor, Vol. 7, No. 8.

CORS (not Coors)

• Continuously Operating Reference Stations
• Downloadable RINEX data
• Datum locations kept current
• NGS Opus& Opus RS Utility to process 

GPS data
• HTDP = Horizontal Time Dependent 

Positioning is part of Opus results
• Supplement your own Network with CORS 

points during static processing.
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CORS Map

Current CORS Datum References

• NAD 83/96 (realization of 2002) eastern & 
many western

• NAD 83/96 (realization of 2007) some 
western

• Individual points updated if they move.
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Crustal motion 

• Plate 
tectonics,

• Subsidence, 
• Glacial 

rebound

Pacific, Juan de Fuca & North American Plate 
Velocities
(From Snay & Pearson, American Surveyor, Vol. 7, 
Issue 9)
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VLBI Velocities (map)
Velocity Vectors

• CORS points have published velocity 
vectors.

• ITRF = International Terrestrial Reference 
Frame with no ellipsoid (ECEF based)

• Earth Rotation Service IERS(Paris) keeps 
ITRF

• NAD’83 changes continuously with respect 
to ITRF.

• Most CORS points in N. America have zero 
velocity vectors with respect to NAD’83.
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Worldwide Control
• VLBI stations (Very Long Baseline 

Interferometry) are the basis for world-wide 
control. (Quasars)

• GPS Control  Segment relies on some of 
these points.
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Vertical Datums
• The ellipsoid surface approximates sea level 

+/- 100 meters.  The difference is called 
Geoid Separation and is the distance from 
the ellipsoid to sea level (Note direction).

• The Geoid is the zero surface of the vertical 
datum.  Determined by direct leveling OR 
gravimetric readings (referenced to GPS 
ellipsoid)

Vertical Datums

• Geoid separation is kept by NGS in a 
database called GEOID99, GEOID03 & 
GEOID09.  (See map).

• Values vary from –16m (mountains) to –24 
meters (Puget Sound) in Washington
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Geoid Illustrated Vertical Datums (continued)
• NGVD 29  “Sea Level Datum of 1929”  is 

constrained to 26 tidal bench marks around the 
continent.

• NAVD 88  is constrained to only one tidal bench 
mark Father Point, Rimouski, Quebec.

• NAVD 88 is 3 to 4 feet lower in Washington 
(Elevation readings are higher.)

• Tidal datums (MLLW, etc.), are very local.
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GPS Elevations
• Ellipsoid Ht. (h) = Observer ’s elevation 

above the ellipsoid (negative if below).
• Subtract Geoid Separation (N) to get 

Or thometr ic Height (H).
H=h-N

Geoid

Hh

N

Equipotential surfaces Illustrated
• Surfaces are closer at poles.
• Over large distances north-south, 

equipotential surfaces are not parallel!  

• Can be neglected in a local area.
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Geoid models and their uses
• Downloadable (no charge) from NGS.
• Found installed in GPS and Surveying 

software packages.
• Local values interpolated from data points
• Used with GPS data, with or without bench 

mark constraints, to bring verticals from 
ellipsoid heights to NAVD88.
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State Plane Coordinates
• Pioneered by North Carolina Department of 

Transportation in 1930’s.
• Uses principle of Map Projections—

Lambert Conic and Transverse Mercator
• Rectangular grid – plane surveying over 

long distances in unified coordinate system.
• Distances are within 1:10,000 of being true.

HD must be scaled by factor K between 
0.9999 and 1.0001

Conical & Cylindrical Projections

Conical                          Cylindrical
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Elements of a Lambert Grid

North Stand. Parallel

South Standard Parallel

Earth

k<1

k>1

K>1

k=1

k=1

Equator

E
ar

th
©s

A
xi

s
Lambert Conic Projection Zone Limits

• 158-miles is maximum width to maintain 1:10,000 
scale factor (N-S limit on Conic; E-W limit on 
Mercator).

• Washington has two zones:  North (4601) and 
South (4602) (alphabetic)

• Split is set by legislation along County lines (King 
is North; Pierce is South, etc., but Grant is split)

• Each zone has its own parameters (Designated 
Standard Parallels, etc.)
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Scale Factor
• Function of latitude in zone (tabulated by 1’  

intervals)
• Factor is exactly 1.0000  at standard 

parallels
• Factor is maximum (about 1.0001) at zone 

limits
• Factor is minimum (about 0.9999) at Phi-

zero (latitude NEAR middle of zone).
• Use together with ellipsoid elevation factor.

Scale factor as a function of 
latitudes,(WA N. Zone)

Sc
al

e 
Fa

ct
or

Latitude



26

Lambert Projection Geometry

Convergence angle
• Latitude lines are curves on Earth’s surface.
• True meridians converge toward North Pole
• Grid meridians do not converge.  Grid appears 

square on the ground.
• Correction is a clockwise angle from true meridian 

to grid, up to –3° in western WA and up to +3° in 
eastern WA.

• Correction is zero at central meridian 120°50’  
North and 120°30’  South.

• Correction is a function of both 
LAT (very minor for Lambert) and LONG.
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Basis of Bearings: true to grid.  Example, 
convergence is +1°30’  (east side of WA)

C
en

tr
al

 M
er

id
ia

n
t-T Correction

• Very slight effect
• Geodetic lines appear as arcs on the grid 

(except great circles).
• Concave toward Central parallel (or Central 

meridian in Transverse Mercator).
• Negligible under 5km  (t-T<<1”)
• Corrects arc azimuth to grid azimuth
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Abbrev. & symbols in Lambert SPCS calcs
• l =lambda=longitude
• l CM =longitude of central meridian
• f = phi = latitude      f b =  latitude of grid 

origin.
• f o = phi zero = latitude at zone center
• f n and f s = phi north and south = latitudes at 

standard parallels.
• g= gamma = convergence angle
• k = scale factor
• R = radius of parallel on the cone (used in 

conversion calcs)

Converting between SPCS and 
geographic coordinates

• Must use datum coordinates
• Must use “ false”  northings and eastings
• E at CM = 500,000 meters.
• N at f b = 0 meters. 
• Use U.S. Survey foot if converting to feet 

3.28083333333 ft/m, or 39.37 in/m
• International foot used in some places (e.g. 

Oregon). 2.54 cm/in or 0.3048 m/ft or 
3.28083989501 ft/m.
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Converting between SPCS and 
geographic coordinates (2)

• Use digital utilities if available; otherwise use 
table and formulas in handouts.

• Follow brief instructions in parameters handouts.
• Boxes at base give sample data to check method.
• Interpolate tables carefully if needed.
• Geographic coordinates must have FOUR 

significant digits past the decimal in seconds for 
ground precision to 0.01 foot.

• Use decimal degrees (as always) for trig 
calculations.

Transverse Mercator Projection
Illustration courtesy of Moffit & Bouchard
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Typical layout of 158-mile TM zone
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Meridians are curved
And converging.

Central meridian has an
Assigned, fixed scale: e.g.
0.9999 for 158-mile zone and
0.9996 for 6-degree zone.

CM and Scale=1 lines are
Almost parallel.

52.7
miles

52.7
miles

26
 m
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s

26
 m
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s

Examples of CM scales
Transverse Mercator zones

ZONE CM 
SCALE

APPROX  OFFSET 
DISTANCE TO UNITY 
SCALE

UTM zone 0.9996 112 miles

UTM 3 degree 
zone

0.9999 56 miles

Idaho West 0.999933 46 miles

Delaware 0.999995 13 miles

Approximate formula for
Scale factor based on mid-
ordinate:
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Universal Transverse Mercator
Illustration courtesy of Moffit & Bouchard

Convergence angle     in TM zones 

• Meridians are curved (except CM).
• In Lambert zones they are linear.
• Convergence is a function of latitude and 

longitude using either of the following 
approximations:

g

52.09 tan

sin

dg f
g l f

=

= D
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Earth curvature and refraction  
issues in SPCS

1. Observed zenith angles must be reduced by 
about 4.25”  per 1000 feet shot or balance 
reciprocal zenith angles to add to 180°

2. After #1 correction, simple slope reduction 
formulas will work for horizontal and vertical 
distances, i.e., HD=SD sin Z angle, etc.

3. Reference Elevation of line is reckoned at its 
midpoint (average elevation)

4. For SPCS ’83, use Ellipsoid heights for this 
reference.

115°

77°

EDM Slope Reduction and Trig Levels

Ellipsoid

HD at                      mean line elevation

Geoid

Balance reciprocal zenith angles so that sum =
180°.  For zenith angle at one end only, reduce
angle by 4.25" per 1000 feet distance.

Solve HD and VD by standard trig functions.

SLOPE DISTANCE
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Project Reference Elevation
• Traverses over relief do not closewithout 

scaling all lines to a common elevation!
• Reference elevation may be chosen as 

project average or local grade in most 
critical area.

• Reference elevation must be zero ellipsoid 
height for proper use of SPCS scale factor.

Job Plane Reduction

Ellipsoid

Geoid

Average Project Grade

3000© elev  R = 20,909,000 ft.

1000© elev

Grid

2000© elev

R=20,906,000 ft.

R = 20,908,000 ft.

20,907,000 ft.

Traverses must be brought to a uniform elevation for
horizontal closure.  Reduce by combined factor for
computation on grid; divide by combined factor for
expanding from grid to project grade.
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Calculating elevation factor
• Horizontal line length is directly 

proportional to the Earth radius, varying as 
a function of elevation.

• Example:  For a line 1000.00 meters long at 
2000 meters reference elevation, find its 
length at 0 reference elevation.

• Elevation factor is 0.999686 as follows:
6,372,000 0

1000.000 999.686
6,372,000 2000

m m
m m

m m
+� �

=� �+� �

Combined Factor
• For previous example, the ellipsoid factor is 

0.999686.
• If using a Grid Scale Factor of k=0.99951, 

apply this now to get 999.196 grid distance.
• These factors may be multiplied together to 

get 0.999196, called the combined factor. 
Trick method: add factors and subtract 1

• Reversing these factors to bring a line back 
up to local reference elevation is called
Expanding to grade.
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Traversing in SPCS
• Use published SPCS stations and azimuth 

marks at both ends of an open traverse.
• Apply combined factor to all traverse lines 

individually.
• Adjust and constrain the traverse as you 

would any plane survey.

Appropriate use of grid-scaled 
coordinates

• Local true lengths should be used for design 
and real estate purposes.

• SPCS grid may be used as Basis of 
Bearings.

• Grid coordinates are useful for geo-
referencing and for monument data.

• GIS’s typically use SPCS for all purposes.
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Most problems are solved by the following:
1. Localize.  Design and cadastral work 

should be on a ground-scaled datum.
2. Always reference the chosen datumson the 

published results, including scale factors.

Which 
datum do 

I use?

Single-point Localization for an 
SPCS Project

NOTE:  If less than 1 mile in extent and less than 500’  
vertical spread, a project may use one combined factor.

1. Divideall SPCS point coords by combined factor.
2. Truncate all SPCS coordinates (removing high 

digits):  E.G.       N196,235.448     N 6,235.448
E1,304,962.557 E 4,962.557

(i.e., move the drawing SW’ ly in CAD)
3. Define one control point in the project as datum-

controlled and note its SPCS and localized 
coordinates on the drawing
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Future of SPCS

• 1:10,000 is no longer “close enough”  to be 
ignored--scale factor must always be used.

• Unified database desired.
• Expect consolidation of zones as a result.
• NAD 2018/ITRF may encourage use of  3D  

ECEF reference system instead of SPCS.

Resources 
(updated 1/2011)

• National Geodetic Survey 
http://www.ngs.noaa.gov/

• Classical Geodesy article by Clynch 
http://www.oc.nps.navy.mil/oc2902w/geodesy/
geolay/gfl84b_t.htm

• State Geodetic Advisors:
http:www.ngs.gov/ADVISORS
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The End

The 
end


